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We prove a symmetry relationship between ﬂoating strike and ﬁxed strike Asian options for
assets driven by general Le´vy processes using a change of nume´raire and the characteristic
triplet of the dual process. We apply the same technique to prove a similar relationship
between ﬂoating strike and ﬁxed strike lookback options.
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The aim of this paper is to prove a useful symmetry between ﬂoating and ﬁxed
strike Asian and ﬂoating and ﬁxed strike lookback options for Le´vy-driven assets.
We extend the results of Henderson and Wojakowski [8] in two directions; ﬁrstly, by
considering a general Le´vy process as the driving process of the underlying, and
secondly, by applying the same technique to prove a symmetry result for lookbacksee front matter r 2004 Elsevier B.V. All rights reserved.
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the dual of a Le´vy process are the main tools used for the proof. Moreover,
stationarity of the increments plays a crucial role.
Le´vy processes have attracted much interest for ﬁnancial applications lately, since
they exhibit certain features of the market that diffusion models cannot capture,
both in the real and in the risk-neutral world. For the merits of Le´vy modelling in
ﬁnance and some further applications see [5] and references therein. Carr et al. [4]
also provide empirical evidence supporting the use of—pure jump—Le´vy processes
for ﬁnancial modelling.
There are several symmetry results known in option pricing theory, relating
various types of options and payoffs. These results become more important when
considering exotic options, since closed-form solutions might not exist for certain
payoffs. This is the case for Asian options, although there are more results available
for the ﬁxed than the ﬂoating strike case.
Symmetries are even more important when we depart from Brownian motion
models and consider more general driving processes, such as Le´vy processes. In that
case, closed-form solutions are not available for several types of payoffs, such as
lookback or Asian options, or are available only for one type of payoff, most
probably ﬁxed strike options, as in [3] or [2].
Moreover, the cost in computational time of calculating a joint density could be
signiﬁcantly higher than that of a single one. Hence, we aim to unify the treatment of
ﬂoating and ﬁxed strike Asian and lookback options in order to be able to transfer
knowledge from one case to the other.
The results of Henderson and Wojakowski have been generalized to forward-start
Asian options and discrete averaging by Vanmaele et al. [14]. Similar symmetry
results have been obtained by Hoogland and Neumann [9] using local scale
invariance. The same change of nume´raire has been applied to Asian options by
VeWerˇ [15] for a Brownian motion model and VeWerˇ and Xu [16] for a special semi-
martingale model, in order to obtain a one-dimensional PDE (PIDE, respectively)
for both ﬁxed and ﬂoating strike Asian options. Nielsen and Sandmann [11] describe
an analogous change of nume´raire for a Brownian motion model with stochastic
interest rates. This change of nume´raire has also been applied by Andreasen [1] to
derive one dimensional PDEs for ﬂoating and ﬁxed strike lookback options.2. Model and payoffs
Let (O;F;F;P) be a complete stochastic basis, i.e. the ﬁltration F ¼ ðFtÞt2Rþ
satisﬁes the usual conditions. We model the asset price process as an exponential
Le´vy process
St ¼ S0 exp Lt; ð2:1Þ
where the Le´vy process L satisﬁes Assumption (M), which is given below. In that
case, L is a special semimartingale and has the canonical decomposition
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Lt ¼ bt þ sW t þ
Z t
0
Z
R
xðmL  nLÞ ðds;dxÞ; ð2:2Þ
where the drift term b equals the expectation of L1 and can be written as
b ¼ r  d s
2
2

Z
R
ðex  1 xÞlðdxÞ: ð2:3Þ
Here rX0 is the (domestic) risk-free interest rate, dX0 the continuous dividend yield
(or foreign interest rate), sX0 the diffusion coefﬁcient and W a standard Brownian
motion under P. mL is the random measure of jumps of the process L and
nLðdt;dxÞ ¼ lðdxÞdt is the compensator of the jump measure mL, where l is the Le´vy
measure of L1. The Le´vy process L has the Le´vy triplet (b;s2; l).
We assume that P is a risk neutral measure, i.e. the asset price has mean rate of
return m9r  d and the auxiliary process bSt ¼ edtSt, once discounted, is a martingale
under P. In general, markets modelled by exponential Le´vy processes, as deﬁned in
(2.1)–(2.3), are incomplete and there exists a large class of risk neutral measures. We
refer to [6] for a characterization of the class of equivalent martingale measures.
Moreover, note that ﬁniteness of E½bSt is ensured by Assumption (M).
Assumption (M). The Le´vy measure l of the distribution of L1 is assumed to satisfy
the following integrability conditions:Z
fxo1g
jxjlðdxÞo1 and
Z
fx41g
xexlðdxÞo1:
Remark 2.1 (Assumption ðMÞ). For large x and e40, we have that xoeex. Hence, we
could merge the above assumptions and use the following stronger condition:
Assume there exists a constant M41, such thatZ
fjxj41g
expðuxÞlðdxÞo1; 8jujoM; ð2:4Þ
since gðxÞ ¼ expðxÞ is submultiplicative, we see that using Theorem 25.3 in [12], (2.4)
is equivalent to
E½expðuL1Þo1; 8jujoM:
We denote by l the (non-negative) Le´vy measure deﬁned by
lð½a; bÞ :¼ lð½b;aÞ ð2:5Þ
for a; b 2 R, aob. Thus, l is the mirror image of the original measure with respect
to the vertical axis. Whenever we use the symbol ‘‘’’ in front of a Le´vy measure, we
will refer to the Le´vy measure deﬁned as above.
Next we provide a useful lemma, which describes the characteristic triplet of the
dual of a Le´vy process in terms of the characteristic triplet of the original process.
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Then L%:¼L is again a Le´vy process with Le´vy triplet ðb%; c%; l%Þ, where b% ¼ b,
c% ¼ c and l% ¼ l.
Proof. From the Le´vy–Khintchine representation we know that
jLtðuÞ ¼ E½eiuLt  ¼ exp t ibu 
c
2
u2 þ
Z
R
ðeiux  1 iuxÞlðdxÞ
  
:
We get immediately
jLt ðuÞ ¼ jLt ðuÞ
¼ exp t ibðuÞ  c
2
u2 þ
Z
R
ðeiðuÞx  1 iðuÞxÞlðdxÞ
  
¼ exp t iðbÞu  c
2
u2 þ
Z
R
ðeiuðxÞ  1 iuðxÞÞlðdxÞ
  
:
Hence, we can conclude that L% is also a Le´vy process and has characteristics
b% ¼ b, c% ¼ c and l% ¼ l. &
Deﬁne SD as the arithmetic average of the process S—either continuously or
discretely observed—during a time interval of length D. More precisely, let
T1oT2o   oTn be equidistant time points such that D ¼ Tn  T1; then, for a
continuously observed process we deﬁne SD ¼ 1D
R Tn
T1
Su du, whereas for a discretely
observed process we deﬁne instead SD ¼ 1n
Pn
i¼1STi .
Similarly, deﬁne ND and MD to be the minimum and maximum of the process S—
either continuously or discretely observed—during a time interval of length D, that
is, in the discrete case we deﬁne ND ¼ minT1pTipTn STi and MD ¼ maxT1pTipTn STi .
There exist ﬁxed and ﬂoating strike Asian and lookback options. The payoff of
ﬁxed strike options depends on the difference between an average or an extreme
value of the underlying and a ﬁxed strike. The payoff of the ﬂoating strike option
depends on the difference between an average or an extreme value of the underlying
and the value of the asset at maturity; hence, in that case, the average or the extreme
value plays the role of the strike. More generally, one can consider yST instead of the
value at maturity ST , for some constant y 2 Rþ. The different types of payoffs of the
Asian and lookback option are summarized in Table 1, where xþ ¼ maxfx; 0g.Table 1
Types of payoffs for Asian and Lookback options
Option type Asian payoff Lookback payoff
Fixed strike call ðSD  KÞþ ðMD  KÞþ
Fixed strike put ðK  SDÞþ ðK  NDÞþ
Floating strike call ðyST  SDÞþ ðyST  NDÞþ
Floating strike put ðSD  yST Þþ ðMD  yST Þþ
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the Asian option. Let ½0; T  be a time interval, where the option starts at time
t 2 ½0; TÞ and matures at time T. If the averaging starts at time Tþ4t, we have a
forward-start option, at time t we have the standard option and if the averaging starts
at time Tot we have an in-progress Asian option. In-progress Asian options can be
re-written in terms of standard Asian options, see [15], but ﬂoating strike options
become a mixture of ﬂoating and ﬁxed strike Asian options, because of the
additional term that corresponds to the averaging up to time t. Here, we concentrate
on forward-start Asian options, treating standard options as a special case of them.
A variant of ﬂoating strike lookback options are partial lookback options, with
payoff
ðST  aNDÞþ and ðaMD  ST Þþ
for call and put options, respectively, where the constant a 2 ð0; 1 denotes the degree
of partiality.
By arbitrage arguments, the price of an option is equal to its discounted expected
payoff under an equivalent martingale measure. We introduce the following notation
for the ﬂoating strike forward-start Asian call option
VcðyST ;SD; r; b; s2; l; T1; TnÞ ¼ Vflc ¼ erTE½ðyST  SDÞþ;
where T1 and Tn denote the ﬁrst and last value of the equidistant time points of an
interval of length D; the asset is modelled as an exponential Le´vy process according
to (2.1)–(2.3) and the option starts at time 0 and matures at T. For the ﬁxed strike
forward-start Asian put option we set
VpðK ;SD; r; b;s2; l; T1; TnÞ ¼ V fxp ¼ erTE½ðK  SDÞþ:
Similar notations will be used for the other types of Asian options.3. An equivalence result for Asian options
In this section, we state and prove the main result that shows an equivalence
relationship between ﬂoating and ﬁxed strike Asian options.
Theorem 3.1. Assuming that the asset price evolves as an exponential Le´vy process,
according to equations (2.1)–(2.3), we can relate the floating and fixed strike forward-
start Asian option via the following symmetry:
VcðyST ;SD; r; b; s2; l; T1; TÞ ¼ V pðyS0;SD; d; b;s2;f l; 0; T  T1Þ; ð3:1Þ
VpðSD; yST ; r; b;s2; l; T1; TÞ ¼ V cðSD; yS0; d; b;s2;f l; 0; T  T1Þ; ð3:2Þ
where D ¼ T  T1, b ¼ d r  s22 
R
R
ðex  1þ xÞexlðdxÞ and f ðxÞ ¼ ex.
Proof. We will prove the result—for simplicity and without loss of generality—in the
case of discrete averaging for the ﬂoating strike call. The case of continuous
averaging and the ﬂoating strike put can be proved in an analogous way.
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eVflc :¼ Vflc
S0
¼ e
rT
S0
E½ðyST  SDÞþ
¼ edTE e
rT ST
edT S0
ðyST  SDÞþ
ST

 
: ð3:3Þ
Deﬁne a new measure eP via its Radon–Nikodym derivative
deP
dP

FT
¼ e
rT ST
edT S0
¼ ZT ð3:4Þ
and using S as the nume´raire, the valuation problem (3.3) becomeseVflc ¼ edTeE½ðy eSDÞþ: ð3:5Þ
Here,
eSD:¼SD
ST
¼ 1
n
Xn
i¼1
STi
ST
¼ 1
n
Xn
i¼1
eSTi
and eS is deﬁned as eSTi :¼ STiST .
Because the measures P and eP are related via the adapted and positive density
process Z, we immediately conclude that ePlocP and we can apply Girsanov’s
theorem for semimartingales; we refer to [10, III.3.24]. The density process
corresponding to that change of measure can be represented in the usual form
Zt ¼ E
deP
dP
" Ft
#
¼ e
rtSt
edtS0
¼ exp sW t þ
Z t
0
Z
R
xðmL  nLÞðds;dxÞ  s
2
2
þ
Z
R
ðex  1 xÞlðdxÞ
 
t
 
therefore we can identify the tuple (b; Y ) of predictable processes (functions)
bðtÞ ¼ 1 and Y ðt; xÞ ¼ expðxÞ
that characterize the change of measure.
Combining Girsanov’s theorem with Theorem II.4.15 and Corollary II.4.19 in
[10], we deduce that a Le´vy process (PIIS) remains a Le´vy process under the measureeP, because the processes b and Y are deterministic and Y is independent of t.
As a consequence of Girsanov’s theorem for semimartingales we infer that eW t ¼
W t  st is a eP-Brownian motion and enL ¼ YnL is the eP compensator of the random
measure of jumps mL. Whence, we deﬁne elðdxÞ ¼ exlðdxÞ.
Note that this change of measure can also be interpreted as an Esscher
transformation; we refer to [13] for more on the Esscher transformation and [7] for
an application in Le´vy processes and ﬁnance.
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eSTi ¼ STiST
¼ exp r  d s
2
2

Z
R
ðex  1 xÞlðdxÞ
 
Ti  Tð Þ þ s W Ti  W T
 
þ
Z Ti
0
Z
R
xðmL  nLÞðds;dxÞ 
Z T
0
Z
R
xðmL  nLÞðds;dxÞ

¼ exp r  dþ s
2
2
þ
Z
R
ðex  1þ xÞelðdxÞ ðTi  TÞ þ sð eW Ti  eW T Þ
þ
Z Ti
0
Z
R
xðmL enLÞðds;dxÞ  Z T
0
Z
R
xðmL enLÞðds;dxÞ
¼ exp r  dþ s
2
2
þ
Z
R
ðex  1þ xÞelðdxÞ Ti þ s eW Ti
þ
Z Ti
0
Z
R
xðmL  enLÞðds; dxÞ
 r  dþ s
2
2
þ
Z
R
ðex  1þ xÞelðdxÞ T þ s eW T
þ
Z T
0
Z
R
xðmL  enLÞðds;dxÞ:
We now deﬁne the Le´vy process eL via
eLt ¼ ebt þ s eW t þ Z t
0
Z
R
xðmL enLÞðds;dxÞ; ð3:6Þ
where
eb ¼ r  dþ s2
2
þ
Z
R
ðex  1þ xÞelðdxÞ: ð3:7Þ
Notice that using Assumption (M) and Theorem 25.3 in [12], we can easily deduce
that eE½jeL1jo1, hence, eL is a special semimartingale under eP.
The characteristic triplet of eL is (eb; s2;el) and the part without drift of eL is a
martingale under the measure eP. Since eL is a Le´vy process, the dual process deﬁned
as eL:¼ eL is also a Le´vy process and from Lemma 2.2 we deduce that its Le´vy
triplet is (eb;s2;el). This simpliﬁes the expression for eSeSTi ¼ expfeLTi  eLT g¼d expfeLTTig;
where stationarity of eL is used for the last equation and ¼d denotes equality in law.
As a result we have that
eSD ¼ 1
n
Xn
i¼1
eSTi ¼d 1n Xn
i¼1
expfeLTTig:
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eSD ¼d 1
n
Xn
j¼1
expfeLbTj g ¼: eSD:
Hence, we can conclude the proof
eVflc ¼ edTeE½ðy eSDÞþ ¼ edTeE½ðy eSDÞþ;
where in the last expression we consider the expectation with respect to eP, under
which the Le´vy process eL has the triplet (eb;s2;el). Notice that ert eSt once
discounted at the rate d, is a eP-martingale. &
Remark 3.2. The equivalence results do not hold in the case of in-progress Asian
options, because of the additional term created in ﬂoating strike options from
averaging up to time t, when the option starts.
Remark 3.3. The equivalence results hold in the case of an option on the geometric
or harmonic average, that is when the average is of the form
GD ¼
Yn
i¼1
STi
 !1=n
and AD ¼
nPn
i¼1
1
STi
; ð3:8Þ
respectively.
Proof. It sufﬁces to notice that, if we apply the same change of nume´raire as in (3.3),
the resulting averaging term is of the same form as in (3.8) and we can deﬁne a
random variable eS in an analogous way. We have for the geometric and harmonic
average, respectively,
eGD ¼ GD
ST
¼ ð
Qn
i¼1 STi Þ1=n
ST
¼
Yn
i¼1
STi
ST
 !1=n
¼
Yn
i¼1
eSTi
 !1=n
and
eAD ¼ AD
ST
¼
n=
Pn
i¼1
1
STi
ST
¼ nPn
i¼1 ST=STi
¼ nPn
i¼1 1=eSTi ;
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Theorem 3.1. &4. An equivalence result for lookback options
In this section we use the techniques applied in the previous section to prove an
equivalence relationship between ﬂoating and ﬁxed strike lookback options.
We introduce the following notation for the ﬂoating strike forward-start lookback
call option:
VcðyST ; ND; r; b;s2; l; T1; TnÞ ¼ Vflc ¼ erTE½ðyST  NDÞþ;
where T1 and Tn denote the ﬁrst and last value of the equidistant time points of an
interval of length D; the asset is modelled as an exponential Le´vy process according
to (2.1)–(2.3) and the option starts at time 0 and matures at T. For the ﬁxed strike
forward-start lookback put option we set
VpðK ; ND; r; b;s2; l; T1; TnÞ ¼ V fxp ¼ erTE½ðK  NDÞþ:
Similar notation will be used for the other types of lookback options.
Theorem 4.1. Assuming that the asset price evolves as an exponential Le´vy process
according to equations (2.1)–(2.3), we can relate the floating and fixed strike forward-
start lookback option via the following symmetry:
VcðyST ; ND; r; b;s2; l; T1; TÞ ¼ V pðyS0; ND; d; b;s2;f l; 0; T  T1Þ; ð4:1Þ
VpðMD; yST ; r; b; s2; l; T1; TÞ ¼ V pðMD; yS0; d; b;s2;f l; 0; T  T1Þ; ð4:2Þ
where D ¼ T  T1, b ¼ d r  s22 
R
R
ðex  1þ xÞexelðdxÞ and f ðxÞ ¼ ex.
Proof. We consider a ﬂoating strike lookback put option and the case of a ﬂoating
strike lookback call can be proved in an analogous way. Applying the same change
of nume´raire as in (3.3), the valuation problem is equivalent to the one in (3.5)eVflp ¼ edTeE½ð eMD  yÞþ:
Here,
eMD :¼ MD
ST
¼ maxT1pTipT STi
ST
¼ max
T1pTipT
eSTi ;
where eS is deﬁned as eSTi ¼ STi=ST . Following the steps of the proof of Theorem 3.1
we complete the result. &
Remark 4.2. Because the pricing function is homogeneous of degree one, i.e.
RE½ðMT  KÞþ ¼ E½ðRMT  RKÞþ;
where R 2 Rþ, for a suitable choice of a and R we can apply the symmetry result of
Theorem 4.1 for pricing partial lookback options when a method for ﬁxed strike
options is available.
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